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Abstract
In this work, we study the F-implicit generalized variational inequalities in a real normed space setting. Weak solutions and
strong solutions are introduced. Several existence results are derived. As an application, we study the F-implicit generalized
complementarity problems and some existence results are obtained.
c© 2005 Elsevier Ltd. All rights reserved.
Keywords: F-implicit generalized variational inequalities; F-implicit generalized complementarity problems; Strong solution; Weak solution
1. Introduction and Preliminaries
Let X be an arbitrary real normed space with dual space X∗, and (·, ·) be the dual pair of X∗ and X . Let X and
X∗ be endowed with their respective norm topologies. Let K be a nonempty closed convex set of X . The mappings
F : K → R and g : K → K and T : K → 2X∗ are given. The F-implicit generalized variational inequalities
problem (F-IGVIP) is finding an x¯ ∈ K such that
sup
s∈T (x¯)
(s, x − g(x¯)) ≥ F(g(x¯)) − F(x) (1.1)
for all x ∈ K .
A solution of (1.1) will be called a weak solution of the F-implicit generalized variational inequality problem. The
reason for the term weak solution can be seen as follows. Suppose that T has compact values, that is, T (x) is compact
for all x ∈ K , and x¯ is a solution of (1.1). Then since the maximum of the left-hand side of (1.1) is attained, for each
x ∈ K , there is an s ∈ T (x¯) such that
(s, x − g(x¯)) ≥ F(g(x¯)) − F(x),
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and such an s usually depends on x . In contrast, we say that x¯ is a strong solution of (1.1) if there exists an s¯ ∈ T (x¯)
such that
(s¯, x − g(x¯)) ≥ F(g(x¯)) − F(x), for all x ∈ K .
We observe that the above s¯ does not depend on x ∈ K .
We now consider some special cases of (F-IGVIP).
(1) If T is a single-valued mapping, then the (F-IGVIP) is equivalent to the F-implicit variational inequality problem
(F-IVIP) which is finding an x¯ ∈ K such that
(T (x¯), x − g(x¯)) ≥ F(g(x¯)) − F(x) (1.2)
for all x ∈ K . This problem was introduced and studied by Huang and Li [5] in a Banach space setting.
(2) If T is a single-valued mapping and g is an identity mapping, then the (F-IGVIP) is equivalent to the (F-VIP)
which is to find an x¯ ∈ K such that
(T (x¯), x − x¯) ≥ F(x¯) − F(x) (1.3)
for all x ∈ K . This problem was introduced and studied by Stampacchia [7] in a Hilbert space setting and also
investigated in [9].
(3) If X = Rn and F ≡ 0, g is an identity mapping, then the (F-IGVIP) is equivalent to finding an x¯ ∈ K such that
sup
s∈T (x¯)
(s, x − x¯) ≥ 0 (1.4)
for all x ∈ K . This problem was introduced and studied by Fang and Peterson [3], Yao and Guo [8].
(4) If X = Rn and F ≡ 0, T is a single-valued mapping and g is an identity mapping, then the (F-IGVIP) is
equivalent to finding an x¯ ∈ K such that
(T (x¯), x − x¯) ≥ 0 (1.5)
for all x ∈ K . This problem is known as a classical variational inequality. This problem in finite-dimensional
spaces has been extensively studied in the literature. For example, see [4].
Summing up the above arguments, it has been shown that for a suitable choice of the mappings F , g, T and the
space X , we can obtain a number of known classes of variational inequalities and generalized variational inequalities,
implicit generalized variational inequalities. It is also well known that the variational inequality and its variants
enable us to study many important problems arising in mathematical, mechanics, operations research and engineering
sciences, etc.
In this work we aim to derive some existence results for weak and strong solutions of the F-implicit generalized
variational inequality problem. As an application, we will study the F-implicit generalized complementarity problems
and derive some existence results for such problems. Let us first recall the following results.
Berge Theorem ([1]). Let U, V be two topological spaces, the mapping φ : U ×V → R be an upper semicontinuous
function, T : U → 2V be an upper semicontinuous mapping with nonempty compact values. Then the function
x → maxs∈T (x) φ(s, x) is upper semicontinuous on U.
Fan’s Lemma ([2]). Let K be a nonempty subset of Hausdorff topological vector space X. Let G : K → 2X be a
KKM mapping such that for any y ∈ K , G(y) is closed and G(y∗) is compact for some y∗ ∈ K . Then there exists
x∗ ∈ K such that x∗ ∈ G(y) for all y ∈ K .
2. F -implicit generalized variational inequality problems
Now, we shall state and show our main existence results for F-implicit generalized variational inequality problems.
Theorem 2.1. Let the mappings F : K → R be lower semicontinuous, g : K → K be continuous and T : K → 2X∗
be upper semicontinuous with nonempty compact values, and η : K × K → R. Suppose that
(1) η(x, x) ≥ 0 for all x ∈ K ,
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(2) for each x ∈ K , there is an s ∈ T (x) such that for all y ∈ K ,
η(x, y) − (s, y − g(x)) ≤ F(y) − F(g(x)),
(3) for each x ∈ K , the set {y ∈ K : η(x, y) < 0} is convex,
(4) there is a nonempty compact convex subset C of K , such that for every x ∈ K \ C, there is y ∈ C such that for
some s ∈ T (x),
(s, y − g(x)) < F(g(x)) − F(y).
Then there exists x¯ ∈ K which is a solution of (F-IGVIP). Furthermore, the solution set of (F-IGVIP) is compact.
Proof. Define Ω : K → 2C by
Ω(y) =
{
x ∈ C : max
s∈T (x)
(s, y − g(x)) ≥ F(g(x)) − F(y)
}
for all y ∈ K . By the Berge Theorem, we know that the function
x → max
s∈T (x)
(s, y − g(x)) − F(g(x))
is upper semicontinuous on K . Hence the set{
x ∈ K : max
s∈T (x)
(s, y − g(x)) ≥ F(g(x)) − F(y)
}
is closed in K and, for each y ∈ K , the set
Ω(y) =
{
x ∈ C : max
s∈T (x)
(s, y − g(x)) ≥ F(g(x)) − F(y)
}
is compact in C because of the compactness of C .
Next, we shall claim that the family {Ω(y) : y ∈ K } has the finite intersection property; then the whole intersection
∩y∈K Ω(y) is nonempty and any element in the intersection ∩y∈K Ω(y) is a solution of (F-IGVIP). For any given
nonempty finite subset N of K , let CN = co{C ∪ N}, the convex hull of C ∪ N . Then CN is a compact convex subset
of K . Define the mappings S, T : CN → 2CN , respectively, by
S(y) =
{
x ∈ CN : max
s∈T (x)
(s, y − g(x)) ≥ F(g(x)) − F(y)
}
,
and
T (y) = {x ∈ CN : η(x, y) ≥ 0},
for each y ∈ CN . From the conditions (1) and (2), we have
η(y, y) ≥ 0 for all y ∈ CN , (2.1)
and for each y ∈ K , there is an s ∈ T (y) such that
η(y, y) − (s, y − g(y)) ≤ F(y) − F(g(y)).
Hence y ∈ S(y) for all y ∈ CN .
We can easily see that T has closed values in CN . Since, for each y ∈ CN , Ω(y) = S(y) ∩ C , if we prove that
the whole intersection of the family {S(y) : y ∈ CN } is nonempty, we can deduce that the family {Ω(y) : y ∈ K }
has finite intersection property because N ⊂ CN and due to the condition (4). In order to deduce the conclusion of
our theorem, we can apply Fan’s Lemma if we claim that S is a KKM mapping. Indeed, if S is not a KKM mapping,
neither is T since T (y) ⊂ S(y) for each y ∈ CN by the condition (2). Then there is a nonempty finite subset M of
CN such that
coM ⊂
⋃
u∈M
T (u).
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Thus there is an element u¯ ∈ coM ⊂ CN such that u¯ ∈ T (u) for all u ∈ M , that is, η(u¯, u) < 0 for all u ∈ M . By (3),
we have
u¯ ∈ coM ⊂ {u ∈ K : η(u¯, u) < 0}
and hence η(u¯, u¯) < 0 which contradicts (2.1). Hence T is a KKM mapping, and so is S. Therefore, there exists
x¯ ∈ K which is a solution of (F-IGVIP).
Finally, to see that the solution set of (F-IGVIP) is compact, it is sufficient to show that the solution set is closed,
due to the coercivity condition (4). To this end, let S denote the solution set of (F-IGVIP). Suppose that {xn} ⊂ S
which converges to some u. Fix any x ∈ K . For each n, there is an sn ∈ T (xn) such that
(sn, x − g(xn)) ≥ F(g(xn)) − F(x). (2.2)
Since T is upper semicontinuous with compact values and the set {xn} ∪ {u} is compact, it follows that T ({xn} ∪ {u})
is compact [1]. Therefore without loss of generality, we may assume that the sequence {sn} converges to some s. Then
s ∈ T (u) and by taking the limitinf in (2.2), we obtain
(s, x − g(u)) ≥ F(g(u)) − F(x).
Hence u ∈ S and S is closed. This completes the proof. 
When the mapping T is a single-valued mapping and X is a Banach space, Theorem 2.1 reduces to [5, Theorem
3.2].
Theorem 2.2. Under the assumptions of Theorem 2.1, if, in addition, F is convex and T (x¯) is convex, then x¯ is a
strong solution of F-IGVIP, that is, there exists s¯ ∈ T (x¯) such that
(s¯, x − g(x¯)) ≥ F(g(x¯)) − F(x)
for all x ∈ K . Furthermore, the set of all strong solutions of (F-IGVIP) is compact.
Proof. From Theorem 2.1, we know that x¯ ∈ K such that (1.1) holds for all x ∈ K . Since T (x¯) is compact, the
supremum is attained. That is,
max
s∈T (x¯)
(s, x − g(x¯)) ≥ F(g(x¯)) − F(x)
for all x ∈ K . Since T (x¯) is also convex, by Kneser’s minimax theorem [6], we have
max
s∈T (x¯)
inf
x∈K((s, x − g(x¯)) − F(g(x¯)) + F(x))
= inf
x∈K maxs∈T (x¯)
((s, x − g(x¯)) − F(g(x¯)) + F(x)) ≥ 0.
Therefore, there exists an s¯ ∈ T (x¯) such that
(s¯, x − g(x¯)) ≥ F(g(x¯)) − F(x)
for all x ∈ K . Hence x¯ is a strong solution of F-IGVIP. By an argument similar to that in Theorem 2.1, we can show
that the set of all strong solutions of (F-IGVIP) is compact and the corresponding proof will be omitted. 
Theorem 2.3. Let F : K → R be lower semicontinuous on any nonempty compact sets and convex, g : K → K be
continuous and T : K → 2X∗ be upper semicontinuous with nonempty compact values such that
(1) for each x ∈ K , there is s ∈ T (x) such that (s, x − g(x)) + F(x) − F(g(x)) ≥ 0,
(2) there is a nonempty compact convex subset C of K such that for every x ∈ K \ C there is a y ∈ C such that for
some s ∈ T (x),
(s, y − g(x)) < F(g(x)) − F(y).
Then there exists an x¯ ∈ K which is a solution of (F-IGVIP). Furthermore, the solution set of (F-IGVIP) is
compact. If, in addition, T (x¯) is also convex, then x¯ is a strong solution of (F-IGVIP).
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Proof. For any given nonempty finite subset N of K , let CN = co(C ∪ N); then CN is a nonempty compact convex
subset of K . Define S : CN → 2CN as in the proof of Theorem 2.1 and for each y ∈ K , let
Ω(y) =
{
x ∈ C : max
s∈T (x)
(s, y − g(x)) + F(y) − F(g(x)) ≥ 0
}
.
We note that for each x ∈ K , S(x) is nonempty since x ∈ S(x) by condition (1). By the Berge Theorem, we know that
for each x ∈ CN , S(x) is closed in CN and, for each y ∈ K , Ω(y) is compact in C . Next, we claim that the mapping
S is a KKM mapping. Indeed, if not, there is a nonempty finite subset M of CN such that coM ⊂ ∪x∈M S(x). Then
there is an x∗ ∈ coM ⊂ CN such that
max
s∈T (x∗)
(s, x − g(x∗)) < F(g(x∗)) − F(x)
for all x ∈ M . Since F is convex, the mapping
x → max
s∈T (x∗)
(s, x − g(x∗)) + F(x)
is quasiconvex on CN . Hence we can deduce that
max
s∈T (x∗)
(s, x∗ − g(x∗)) < F(g(x∗)) − F(x∗)
which contradicts condition (1). Therefore, S is a KKM mapping and by Fan’s Lemma we have ∩x∈CN S(x) = ∅.
Note that for any u ∈ ∩x∈CN S(x), we have u ∈ C by condition (2). Hence we have⋂
y∈N
Ω(y) =
⋂
y∈N
S(y) ∩ C = ∅,
for each nonempty finite subset N of K . Therefore, the whole intersection ∩y∈K Ω(y) is nonempty. Let x¯ ∈
∩y∈K Ω(y). Then x¯ is a solution of (F-IGVIP). Since C is compact, the solution set of (F-IGVIP) is compact.
Finally, if T (x¯) is also convex, then by the same argument as that in Theorem 2.2, we can prove that x¯ is a strong
solution of (F-IGVIP). 
If T is a single-valued mapping and X is a Banach space, Theorem 2.2 reduces to [5, Theorem 3.4].
3. F -implicit generalized complementarity problems
Throughout this section, the set K is assumed to be a closed convex cone of X . We introduce the following
F-implicit generalized complementarity problem (F-IGCP): Find x¯ ∈ K and s¯ ∈ T (x¯) such that
(s¯, g(x¯)) + F(g(x¯)) = 0 and (s¯, y) + F(y) ≥ 0, ∀y ∈ K .
We remark that the F-implicit generalized complementarity problem covers the classical nonlinear
complementarity problem and many of its variants as special cases. See, for example, [4,5,9] and the references
therein.
We first establish the following equivalent relation between strong solutions of (F-IGVIP) and solutions of
(F-IGCP).
Theorem 3.1. (i) If x¯ solves (F-IGCP), then x¯ is a strong solution of (F-IGVIP); (ii) if F : K → R is a positive
homogeneous and convex function and x¯ is a strong solution of (F-IGVIP), then x¯ solves (F-IGCP).
Proof. (i) Let x¯ solve (F-IGCP). Then, x¯ ∈ K and for some s¯ ∈ T (x¯) we have
(s¯, g(x¯)) + F(g(x¯)) = 0 and (s¯, x) + F(x) ≥ 0, ∀x ∈ K .
Hence
(s¯, x − g(x¯)) ≥ F(g(x¯)) − F(x)
for all x ∈ K . Thus x¯ is a strong solution of (F-IGVIP).
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(ii) Let x¯ be a strong solution of (F-IGVIP). Then there exists s¯ ∈ T (x¯) such that
(s¯, x − g(x¯)) ≥ F(g(x¯)) − F(x) (∗)
for all x ∈ K . Since F : K → R is a positive homogeneous and convex function, and the set K is a closed convex
cone of X , substituting x = 2g(x¯) and x = 12 g(x¯) in (∗), we obtain
(s¯, g(x¯)) ≥ −F(g(x¯)),
and
(s¯, g(x¯)) ≤ −F(g(x¯)).
This implies that (s¯, g(x¯)) + F(g(x¯)) = 0. Combining this result and (∗), we have
(s¯, x) + F(x) ≥ 0, ∀x ∈ K .
Hence x¯ is a solution of (F-IGCP). 
When T is a single-valued mapping and X is a Banach space, Theorem 3.1 reduces to [6, Theorem 3.1].
Theorem 3.2. Let the assumptions of Theorem 2.1 hold. In addition, if F : K → R is a positive homogeneous and
convex function and T has convex values, then (F-IGCP) has a solution. Furthermore, the solution set is compact.
Proof. Applying Theorems 2.2 and 3.1, we obtain the conclusion. 
Similarly, combining Theorems 2.3 and 3.1, we have the following result.
Theorem 3.3. Let the assumptions of Theorem 2.3 hold. In addition, if F : K → R is a positive homogeneous
function and T has convex values, then (F-IGCP) has a solution. Furthermore, the solution set is compact.
If T is a single-valued mapping and X is a Banach space, Theorem 3.3 reduces to [5, Theorem 3.5].
We would like to remark that the norm topologies of X and X∗ considered in this work are in fact not quite
necessary. The consideration of norm topologies is used only to prove that the solution set of (F-IGVIP) and the set
of strong solutions are closed. As a matter of fact, we can consider X to be any topological vector space with a dual
space X∗. The only assumption that we need to ensure the solution set of (F-IGVIP) and the set of strong solutions to
be closed is that the pairing (·, ·) between X∗ and X is continuous.
Acknowledgements
The first author’s research was partially supported by the Teaching and Research Award Fund for Outstanding
Young Teachers in Higher Education Institutions of MOE, China, and the Dawn Program Foundation in Shanghai.
The second and third author’s research were partially supported by a grant from the National Science Council of
Taiwan.
References
[1] C. Berge, Espaces Topologique, Dunod, Paris, 1959.
[2] K. Fan, A generalization of Tychonoff’s fixed point theorem, Math. Ann. 142 (1961) 305–310.
[3] S.C. Fang, E.L. Peterson, Generalized variational inequalities, J. Optim. Theory Appl. 38 (1982) 363–383.
[4] P.T. Harker, J.-S. Pang, Finite-dimensional variational inequality and nonlinear complementarity problems: A survey of theory, algorithms and
applications, Math. Program. 48B (1990) 161–220.
[5] N.J. Huang, J. Li, F-implicit complementarity problems in Banach spaces, ZAA 23 (2) (2004) 293–302.
[6] H. Kneser, Sur un the´ore`me Fondamantal de la The´orie des Jeux, C. R. Acad. Sci. Paris 234 (1952) 2418–2420.
[7] G. Stampacchia, Forms bilineaires coercives sur les ensembles convexes, C. R. Acad. Sci. Paris 258 (1964) 4413–4416.
[8] J.-C. Yao, J.-S. Guo, Variational and generalized variational inequalities with discontinuous mappings, J. Math. Anal. Appl. 182 (1994)
371–392.
[9] H.Y. Yin, C.X. Xu, Z.X. Zhang, The F-complementarity problem and its equivalence with the least element problem, Acta Math. Sin. 44
(2001) 679–686 (in Chinese).
